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Introduction

Rational conformal field theory and modular forms

@ A vertex operator algebra V' gives rise to characters of the
irreducible modules of V.
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Introduction

Rational conformal field theory and modular forms

@ A vertex operator algebra V' gives rise to characters of the
irreducible modules of V.

@ Usually, the characters of a rational vertex operator algebras
span a modular invariant vector space. Then we study the
quotient

W'y (1)
Fv(T) = ——,
Wy (1)

where W\, and W', are defined using Wronskians.
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Introduction

Wronskians

Given a collection of g-series fi, ..., f,, we consider the Wronskian
determinant with respect to Ramanujan’s derivative qdiq

fi f2 fm

£ g7 £

WA, )= . ’ "
f-l(mfl) f-z(mfl) frslmfl)
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Introduction

Wronskians

Given a collection of g-series f1, ..., f,, we consider the Wronskian
determinant with respect to Ramanujan's derivative qdiq

£l £ f
Wk f)=| L
fl(m'_1) f2(m'—1) - fr$7m'_1)

W(h,...,fm) =aW(f,..., fn)
W/ (f, ... fm) = BW(H,.... )
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Introduction

Wronskians

Given a collection of g-series f1, ..., f,, we consider the Wronskian
determinant with respect to Ramanujan’s derivative qdiq

fi fa fm

£ )

WA, )= . : :
fl(mfl) f2(m71) frgmfl)

W(fl, ey fm) = aW(fh ey fm)
W (..., fm) = BW(H,... 1)
, fm} is a basis of the modular invariant vector space

If {f,...
coming from a VOA V/, we set
W(f,...,ITm)
F =
v(7) W(h, - )
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, for irreducible characters of M(2,2k + 1) Virasoro
minimal models, we have characters

o 1
chi k(q) = gt/ II T —an
1<n#0,£i (mod 2k+1) q9
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, for irreducible characters of M(2,2k + 1) Virasoro
minimal models, we have characters

o 1
chi k(q) = gt/ II T —an
1<n#0,£i (mod 2k+1) qa

For each k, we study the Wronskians for

{Chl,k, Chz’k, e ,Chk’k}
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k =2 we have

1
_ 11/60
Ch172 =q / H (1 — q5n+2)(1 _ q5n+3)

n>0
1
chop =q VOT] 5nt1 5nt4
o (L= @)1 = gort)
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k = 2 we have

1
chp =g/ ] 5n+2 5n+3
o (1= @m2)(1—g>r3)

1

chyp =g V% H 5ntl 5ntd
o (L= @)1 =g

SO

-1
W(Cth, Ch2,k) = ? (q1/6 _ 4q7/6 + 2q13/6 4+ .- )
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k = 2 we have

1
chi2 = g1/ H 5n+2 5n+3
o (1= @m2)(1—g>r3)
1
chyp =g /I -~ =
o (L= @)1 =g
SO
W (chy k,cho k) = 5 (q1/6 —4q7/% 4+ 243/ 4 .. ) = ?nﬂf
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k = 2 we have

1
chip = q11/60 nl;[o (1 — g5n+2)(1 — g5 +3)
chyp = g~ 1/%0 1;[0 1- q5n+l)1(1 — oA
SO .
W(chyk, cho ) = %1 (Cll/6 —4q"/0 4 2¢13/0 .. ) = —?1174
W (chy y,chy ) = ~18000 (ql/6 +23697/° +1202¢%3/6 — .. )
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k = 2 we have

1
chip = /% H 5ni2 5n13
nso (L= @2)(1 = ¢°rt3)

1
_ —1/60
chop =g / H (1 — goH1)(1 — g°rt4)

n>0
SO
-1/ 16 7/6 13/6 14
W(Cth,Cth) = ? (q —4q + 2q _|_> — ?n
W(chf y,ch ) = — 7000 (q1/6 +23697/° + 120243/ — .. )

Fi = 1+ 240q + 2160g° + 6720¢° — - - -
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Introduction

Results of Milas-Mortenson-Ono (2008)

For example, when k = 2 we have

1
chip = /% H 5ni2 5n13
nso (L= @2)(1 = ¢°rt3)

1
_ —1/60
chop =g / H (1 — goH1)(1 — g°rt4)

n>0
SO
-1/ 16 7/6 13/6 14
W(Cth,Cth) = ? (q —4q + 2q _|_> — ?n
W(chf y,ch ) = — 7000 (q1/6 +23697/° + 120243/ — .. )

Fir =14 240q + 2160g* + 6720¢° —--- = E4
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Introduction

Results of Milas-Mortenson-Ono (2008)

Note: 7 := ¢%/?* H(l —q")
n>1
Theorem (Milas, Milas-Mortenson-Ono)
Let k > 2.
QO W, = 772k(k_1)'

Marie Jameson Wronskians of graded dimensions



Introduction

Results of Milas-Mortenson-Ono (2008)

Note: 7 := ql/?* H(l —q")
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Introduction

Results of Milas-Mortenson-Ono (2008)

Note: 7 := ql/24 H(l —q")
n>1
Theorem (Milas, Milas-Mortenson-Ono)
Let k > 2.
QO W, = 772k(k_1)'
@ Fi is a holomorphic modular form on SLa(Z) of weight 2k.
@ Fi =0 ifand only if k = 6t> — 6t + 1 with t > 2.
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Results of Milas-Mortenson-Ono (2008)

Note: 7 := ql/24 H(l —q")
n>1
Theorem (Milas, Milas-Mortenson-Ono)
Let k > 2.
QO W, = 772k(k_1)'
@ Fi is a holomorphic modular form on SLa(Z) of weight 2k.
@ Fi =0 ifand only if k = 6t> — 6t + 1 with t > 2.
Q If p=2k+1 is prime then F) has p-integral coefficients
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Introduction

Results of Milas-Mortenson-Ono (2008)

Note: 7 := ql/24 H(l —q")
n>1
Theorem (Milas, Milas-Mortenson-Ono)
Let k > 2.
QO W, = 772k(k_1)'
@ Fi is a holomorphic modular form on SLa(Z) of weight 2k.
@ Fi =0 ifand only if k = 6t> — 6t + 1 with t > 2.

Q Ifp=2k+1 is prime then F) has p-integral coefficients and
satisfies

Fi(z)=1 (mod p).
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New Result

Switching to a different VOA

Now consider L@(k/\o)- Here we have

Z n qn2 /4(k+2)
n=i (mod 2k+2)

Chi,k(q) = 77(7_)3

fork>1landi=1,...,k+1.
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New Result

Switching to a different VOA

Now consider L@(k/\o)- Here we have

Z n qn2 /4(k+2)
n=i (mod 2k+2)

n(r)?
for k>1and i=1,...,k+ 1. We define Wy, W, and Fj as
before.

chj«(q) =
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New Result

Switching to a different VOA

Theorem (Milas)
Let k > 1.
Q Wi(q) = n*{+).

@ Fi is a holomorphic modular form on SL(Z) of weight
2k + 2.

@ Fi =0 ifand only if k = 2i%> — 2 with i > 1.
Q If p =2k + 3 is prime then Fj has p-integral coefficients.
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New Result

Switching to a different VOA

Theorem (Milas)
Let k > 1.
Q Wi(q) = ().

@ Fi is a holomorphic modular form on SL(Z) of weight
2k + 2.

@ Fi =0 ifand only if k = 2i%> — 2 with i > 1.
Q If p =2k + 3 is prime then Fj has p-integral coefficients.

Conjecture (Milas)
If p=2k+ 3 > 5 is prime then

Fi(z)=1 (mod p).

v
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New Result

Switching to a different VOA

Theorem (Milas)
Let k > 1.
o Wk(q) _ 772k(k+1).

@ Fi is a holomorphic modular form on SLa(Z) of weight
2k + 2.

Q Fi =0 ifand only if k = 2i> — 2 with i > 1.
Q If p=2k + 3 is prime then Fy has p-integral coefficients.

If p=2k+ 3 >5 is prime then

Fi(z)=1 (mod p).
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Sketch of Proof

Key observation:

Computing the quotient of the Wronskians for

Oin(q):= >, ng" Mt
n=i (mod 2k+2)

is painless
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Sketch of Proof

Key observation:

Computing the quotient of the Wronskians for
bi(a):= Y g/
n=i (mod 2k+2)
is painless, because when p = 2k 4+ 3 we have
2(k+1)

gtk+1) _ n qn2/4(k+2)
ik . (n§2k+2) (4(k + 2))k+1
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Sketch of Proof

Key observation:

Computing the quotient of the Wronskians for

Oin(q):= >, ng" Mt
n=i (mod 2k+2)

is painless, because when p = 2k 4+ 3 we have

2(k+1)
(k+1) _ n
Vi = > "k 1+ 2))k+?

n=i (mod 2k+2)

nP 2
=2 et MY (medp)
n=i (mod 2k+2)

n?/4(k+2)
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Sketch of Proof

Key observation:

Computing the quotient of the Wronskians for

Oin(q):= >, ng" Mt
n=i (mod 2k+2)

is painless, because when p = 2k 4+ 3 we have

2(k+1)
(k+1) _ n
Vi = > "k 1+ 2))k+?

n=i (mod 2k+2)

nP 2
=2 et MY (medp)
n=i (mod 2k+2)

_ (i) 6ix (mod p).
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Sketch of Proof

Key observation:

and so
/ / /
Ok ok - Oryrk 1,k 2k Prgik
e Dop o Ok 1k Ok O
17/( 2,k + ) ) ’ ’
. . =+ . _ _ (mod p).
(k) plk) (k) (k+1)  p(k+1) (k+1)
el,k 92,k e 9k+1,k 91,k 62,k e 9k+1,k
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Key observation:

and so
/ / /
Ok ok - Oryrk 1,k 2k Prgik
e Dop o Ok 1k Ok O
17/( 2,k + ) ) ’ ’
. . =+ . _ _ _ (mod p).
(k) plk) (k) (k+1)  p(k+1) (k+1)
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Sketch of Proof

Key observation:

and so
/ / /
Ok ok - Oryrk 1,k 2k Prgik
e Dop o Ok 1k Ok O
17/( 2,k + ) ) ’ ’
. . =+ . _ _ _ (mod p).
(k) plk) (k) (k+1)  p(k+1) (k+1)
el,k 92,k e 9k+1,k 91 k 62,k e 9k+1,k

. 0;
But what changes when we replace 6; x with ch; x = "3k?
n
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Sketch of Proof

Relating W(chy k, . ..,chgr14) and W (01 4, ..., Oki1k)

The standard fact

W(f-f,....,f fm)=Ff"W(A,...,Im)
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Sketch of Proof

Relating W(Chl’k, y . ,Chk+1’k) and W (91*/(,

The standard fact
W(f-f,....,f fm)=Ff"W(A,...,Im)

tells us that

01,k Ok+1,k
W(Chl,ka"'a(:hk-l-Lk):W( 77‘% ) ;3

= DWW (B 4 B
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

On the other hand,

W(ck, g ) = W 01k O\’
ko> k+1,k) = 173 g ey 7773
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

On the other hand,

W(ck, g ) = W 01k O\’
ko> k+1,k) = 173 g ey 7773

1 1
_ n—3k(k+1)w <6/1,k _ §E291,k, . ;<+1,k _z

E0
gk2 k+1,k>

since (%) = LPEs.
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

On the other hand,

W(ck, W) =W 016\’ Okr1k )’
Lk,...,C k+1,k) = 173 gy 7773

_ 1 1
=7 3k(k+1)W <6/1,k — §E2917k, ceey ;<+1,k — 8E20k+1’k>
since (7°)’ = £m*E>. So we need to understand
1 1
9/11’k — §E291£k ... 9;<+11,k — §E29k+11,k
/! / ! /! / !
el,k - §E291,k - §E291J< s ‘9k+1,k - §E29k+1,k - §Ezek+1,k .
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

After some elementary row operations, this becomes

/
01— hfbik oo Oy x— Abki1k
/!
07 k — R201.k e K1k — 20k+1,k
(k+1) (k+1)
01 = fet10rk - Oy — fr1bhrak
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

After some elementary row operations, this becomes

/
01— hfbik oo Oy x— Abki1k
/!
07 k — R201.k e K1k — 20k+1,k
(k+1) (k+1)
01 = fet10rk - Oy — fr1bhrak

where i = B> and f, = f1_; + $Exfy g for L< n < k+ 1.
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Sketch of Proof

Relating W(ch] 4, ..., chj ) and W (01 ,..., 0,1 4)

After some elementary row operations, this becomes

/
01— hfbik oo Oy x— Abki1k
/!
07 k — R201.k e K1k — 20k+1,k
(k+1) (k+1)
01 = fet10rk - Oy — fr1bhrak

where i = B> and f, = f1_; + $Exfy g for L< n < k+ 1.
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Sketch of Proof

Putting it all together

Thus we have

W(chik, ..., chirrk) = 0 EFDW (014, ... Oki1 k)
E77_3’((l(+:l))/\7( 1k 0k1x) (mod p)
= W(chyy, ..., chiq1y) (mod p)
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Sketch of Proof

Putting it all together

Thus we have

W(chy k, ..., chky1 k) —3k(k+1)W(

O1ks -5 Oks1,k)
_3k(k+1)W( i,k,---, ;<+1,k) (mod p)

W(ch] ,...,chiy 1) (mod p)

n
n

and thus

W(ch} ,...,ch|
(chy kt1,k) 1 (mod p).

Jr - =
T Wichik, .., chiyik)

O
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Sketch of Proof

Proof of lemma

Define fi, fo, ..., fxi1 by fi = %Eg and f, =f,_; + %ng,,,l for
l<n<k+1 Then fii1 = 8’<1+1 (mod p).
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Sketch of Proof

Proof of lemma

Define fi, fo, ..., fxi1 by fi = %Eg and f, =f,_; + %ng,,,l for
l<n<k+1 Then fii1 = 8’<71+1 (mod p).

Note that since ()’ = s E2, one can describe f1, f, ... by

/

fo=1 fn = 77_3 (nafnfl) .
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Sketch of Proof

Proof of lemma

Define fi, fo, ..., fxi1 by fi = %Eg and f, =f,_; + %ng,,,l for
l<n<k+1 Then fii1 = 8’<71+1 (mod p).

Note that since ()’ = s E2, one can describe f1, f, ... by

/

fo=1 fn = 77_3 (nafnfl) .

- (‘ )
f“ 77 3 (773) *
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Sketch of Proof

Proof of lemma

Set f, :=n"3 (n3)(n). Then fyi1 = 8,(1+1 (mod p).
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Sketch of Proof

Proof of lemma

Set f, :=n"3 (n3)(n). Then fyi1 = 8,(1+1 (mod p).
Since -
n n 2
7(a) = > _(=1)"(2n + 1)tV
n=0

it follows that (since p = 2k + 3)
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Sketch of Proof

Proof of lemma

Set f, :=n"3 (n3)(n). Then fyi1 = 8,(1+1 (mod p).
Since -
n n 2
7(a) = > _(=1)"(2n + 1)tV
n=0

it follows that (since p = 2k + 3)

k+1) 3 "(2n 4123 s
Z gh+1 q( y/

firr=n">(n)
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Sketch of Proof

Proof of lemma

Set f, :=n"3 (n3)(n). Then fyi1 = 8,(1+1 (mod p).
Since -
n n 2
7(a) = > _(=1)"(2n + 1)tV
n=0

it follows that (since p = 2k + 3)

_ k+1 _ "(2n + nt1)2
forr =1 3 (77 ) _ -3 Z e 1)2k+ q(z +1)%/8
_ 2
8k+177 3 E "(2n 4 1)g2n+1)7/8 (mod p).
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Sketch of Proof

Proof of lemma

Set f, :=n"3 (n3)(n). Then fyi1 = 8,(1+1 (mod p).
Since -
n n 2
7(a) = > _(=1)"(2n + 1)tV
n=0

it follows that (since p = 2k + 3)

_ k+1 _ "(2n+1)2KF3 oy
e =02 ()T =73 E == q(2 /8
_ 2 1
8k+177 32 : "(2n 4 1)q2rH1)°/8 = gt (mod p).
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Sketch of Proof

Conclusions

If p=2k + 3 > 5 is prime then

Fi(z) =1 (mod p).
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Sketch of Proof

Thank you!
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