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Fishburn numbers

» The Fishburn numbers £(n) are the coefficients in the expansion of

F(1—q)=> &(n)q"=1+q+2¢"+5q° +15¢" +53¢° + - -

n>0

where F(q) := Z(q),, is the Kontsevich-Zagier “strange” series. Here,
n>0

() = (a;q)n = [[(1 — a¢“Y),

valid for n € NU {oo}.
> F(q) satisfies a “duality” and is a “modular’ object.
» £(n)’s have many nice combinatorial interpretations (see A022493).
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Arithmetic properties of £(n)

> Andrews and Sellers (2016), Guerzhoy, Kent and Rolen (2014), Ahlgren and Kim
(2015), Straub (2015) studied prime power congruences for £(n).

» For example, we have
EB'mM—-1)=¢(B'm—2)=0 (mod5),
E@'m—1)=0 (mod7")

and
(1M —1)=¢(11'm—2)=¢(11'm—3) =0 (mod 117).

> Our goal is to generalize £(n) using knot theory.
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Knots

» A knot K is an embedding of a circle in R3. For example, the right-handed
trefoil knot is given by

» We will consider the family of torus knots T(3,2"):

G

repeated
unit
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Knots

Theorem (Reidemeister, 1927)

Let K and K’ be two knots with diagrams D and D’. Then K is isotopic to K’ in R®
if and only if D is related to D' by a sequence of isotopies of R? and the moves
RI, RIl and RIIl given by the following:

JURN:

(=%
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The Jones polynomial

» The Kauffman bracket (D) of D is defined by

<D|_|O> — (A —A)(D)
(K

<emptydiagram> = 1L

Il
>
S
N
N\
~_—
+
=
~~
~_—

» (D) is invariant under RIl and RIII, but not RI as
()= ))
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The Jones polynomial

The Jones polynomial V(K) = V(K; q) is given by

1

VK = a7y

(~A) D)

A2:q—1/2

o NN
) S,

where

is the “writhe” of D.

V(K) is invariant under RI, RIl and RIII.
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The colored Jones polynomial

» The colored Jones polynomial Jy(K; q) is a linear combination of cablings of D using
Chebyshev polynomials: S1(x) =1, S2(x) = x, Sn(x) = xSy—1(x) — Sy—2(x).

» For example, S3(x) = x?> — 1. So, we have

» The N = 2 case recovers the Jones polynomial.
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Interlude

> (Habiro, 2008) For any knot K, we have the “cyclotomic expansion”

In(K;q) = Z Ca(K:q) (6" )ala ")

T ezjgt]
> (Masbaum, 2003) For example,
In(trefoil™; Zq (@"™)n(g" ™).
n>0

» (Habiro (2000), T. L& (2003)) The “non-cyclotomic” expansion is

In(trefoil; ) = g* Z g ™(q" "),

n>0
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Interlude

» (Bryson, Ono, Pitman, Rhoades, 2012, PNAS) We have the “duality”
FCn') = U(=1:¢w)
where

Ulxi @) = 3 (—xq)a(—x"a)ng™ .

n>0

» For any knot K, we have Jy(K; qil) = Inv(K*; q). Thus,

F(¢yh) = In(trefoil; ¢y M )Cn = In(trefoil™; Cn)Cn = U(—1;¢n).

Habiro, Lé Masbaum

» This duality has been generalized to infinite family of knots: Hikami and Lovejoy
(2015, T(2,2t + 1)), Lovejoy, — (2017, 2019, double twist knots).
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Our situation

» Consider the family of torus knots T(3,2"), t > 1. In 2016, Konan proved

JN(T(37 2!); q) _ (_1)h//(t)q2f_1—h/(t)—N Z(ql—N)nq—Nnm(t)

n>0
m(t . —a(r)+2"’(t> jol m(t)=1 (j,
y > (—qg ™S e g T ()
3707 =1 (mod m(t))
m(t)—1 m(t)—1
— kN n +I E < k)
> I
g-binomial coefficient
" ’ ’ m(t)—1 | < k
> Let Fi(q) = (-1 OO S (), 3 ¢ {H 1 )]
n>0 Je =1
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Our situation

» We have F1(q) = F(q) and

() = In(T(3,2); n).

» Write

Te(1—q) =1 ) _&(n)

n>0
» For example,

F»(1 - q) =1+ 3q+ 11¢° + 50¢° + 280g" + 1890¢° + - - -

and
F3(1 — q) = 1+ 7q + 49¢° + 420q° + 4515¢* + 59367¢° + - - - .
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Main result

> Let
1 ifn=2ttt—3 34202
xe(n) i =<¢ -1 ifn=2tt1 43 2042 _3
0 otherwise

and for s € N, define

n2 _ (2t+1 _ 3)2

)={o<j<s—1:j= T

(mod 3 -2,
(mod 3 - 2tF1),

(mod s) where x¢(n) # 0}.

Theorem (Bijaoui, Boden, Myers, —, Rushworth, Tronsgard, Zhou)

If p>5isaprimeandje€{1,2,...,p—1— max Sy, (p)},
&(pPm—j)=0 (mod p')

for all natural numbers r, m and t > 1.

then
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Sketch of proof

» Prove a new ‘“strange identity”. Recall that (Zagier, 2001)

Fl -1 ()0

n>1
X1(")
> We first prove that
1 n2_(2ttl _3)2
Ti(a)" ="~ 52 mxln)g FT
n>0

» This follows from the following key identity ...
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Key identity

2 (at+l_3)? ot+l _ 3

nZ =277 —3)% t_ t t+1 t+1 42 t+2
Zznxt 30872 ?(qQ 1’q2 +17q2 ;q2 )oo(q27q2 2;q2 )oo

n>0

= (1" (@)~ (@)

n>0
m(t)—1m(t)—1
m() 1. <
S g <0y
j k=0 =1

(=)@ O ) (Z . g q"> Z bn,¢(q)
i=1

n>0

+(=1)" g7 O(q)oe S (n— h(1))bne(q)

n>0

where b, +(q) is an explicit g-multisum.
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Sketch of proof

> Let p be a prime > 5 and n > r be an integer. Consider the truncation of F:(1 — q),
then its p-dissection:

P
F(l—q:pn—1) = Z(l —q)'Aep(pn—1,i, (1 — q)°)
= > (1-q) Aulpn—1,i,(1-q))
i€St,x ¢ (P)

+ > (1=a)Ap(pn—1,i,(1 - q)°)

iZSt x¢ (P)

= 21+Z2.

» The coefficient of ¢° ™~/ in the summand of >, is =0 (mod p).

» (AKL, 2019) Strange identity implies >, = O(g”"~ "~ =) (mod p).
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Future work

> (Hikami, Lovejoy, 2015) U(x; q) is a mixed mock modular form (when x is a root of
unity # —1, +i).

> (Zagier, 2010) F(q) is a quantum modular form of weight 3/2 on SL>(Z).

» Consider the picture:

x=—1

In(K™; q) BN U(x; q) ~~~~~~ mock modular form
N——
cyclotomic
duality’

K
In(K; q) BN F(g) ~~~~~ quantum modular form
—_———

non-cyclotomic

> T(3,2): Zagier ~» Fv, HL ~~ UV
T(2,2t +1): Hikami ~ Fv/, HL ~~ U?
T(3,2"): Goswami-O ~~» Fv', NO U yet!!
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Future work

» We have

Z v ’ m(t)—1 . v
(q)oo(fl)h (t)q h (t)z (71)2211 J q

[
Je (q)jl T (q)jm(t)—l

t_ t t+1 t+1 t+2_ t+2
= LN ¢ )@ HE e

This recovers an identity of Slater:

(@ > T

>0 (q)2n+1

2n(n+1)

= (4’9", 4% a")oo(d% 4" 0"°) e
Proof using Bailey pairs? Combinatorial proof?
> The numbers &:(n) appear to be positive. What are they counting?

» Thank youl!
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