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Ramanujan’s Conjectures
Modular Curves

What is a Partition?
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Ramanujan’s Conjectures

Let n>0, a«>1, and 24\, =1 (mod £7).

Conjecture (Ramanujan, 1919)

p(5%n+Xs54) =0 (mod 5%),
p(7“n+X74) =0 (mod 7%),
p(11%n1 4+ M14) =0 (mod 11%).
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Motivation

Ramanujan’s Conjectures
Modular Curves

Ramanujan’s Conjectures

Let n>0, @ >1, and 24\, =1 (mod £7).

Theorem (Ramanujan, Watson, Atkin)

p(5%n+ Xs4) =0 (mod 5%),
p(7®n+Aa) =0 (mod 7L8]+1),
p(11%1 4+ X14) =0 (mod 11%).
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Theorem (Ramanujan)

~ N )
p(bn+4)q" =5—-7-—.
nz_(:) ( ) (4:9)%

Rewriting, we have

5.5 = 5 4)g"t! — 5 (qS;qs)go
(6% 0°)oc D _ p(5n +4)g" = Bg~ =2
n:o (qlq)OO
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e (q5. q5)6
For a =1: (q° %) »_p(5n+4)q" ! =5 g~ ==
n=0 (q! q)oo

Nicolas Allen Smoot Partition Congruences and the Localization Method



Motivation
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e (q5. q5)6
For a =1: (q° %) »_p(5n+4)q" ! =5 g~ ==
n=0 (q! q)oo

o0
For a =2: (9;9)e Z p(5%n + 24)g™ !

n=0
_gl2, q5(q5; )3 1+ 510.4. q4(q5; q°)%
(q:9)% (g:9)%
(qs; q5)18 5 2(CI5; CI5)12
+57.63. g3 110 4 55.5). g2 T I
(q:9)%8 (g;9)%2
(q5; q5)30
+52.63. g1 2x
(g:9)%0
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Ramanujan’s Conjectures
Modular Curves

(9°:9°)%

(g:9)%

Lett=¢q , and g = e*™7_ with 7 € H.

oo
(6% d°)oc D p(5n+4)g"" = 5¢,
n=0

(4: @)oo ¥ p(5°n+24)g" =52 >+ 510.6- ¢ + 57.63- 13
n=0

+ 5°.52.t24+5%2.63-t.
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Motivation

Ramanujan’s Conjectures
Modular Curves

Let A\, be the smallest positive solution to 24x =1 (mod 5%).
Then

o
Laa-1= (4% )oo Y P(5** "1+ Xoa-1)q"*" € Z[1],
n=0

Laa = (4; )oo Z (5% + Ao )q" T € Z]1].
n=0

We write L,11 = iG] (Ly), where U@ are linear operators.
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Ramanujan’s Conjectures
Modular Curves

We have

o L, € Z[t],

o Lor1 = U (L),

o U@ (5k.f) =s5k. Yl (f),
@ Also, L; = 5t.

For every o € Z>1,

U (ég‘) €5-Z[t].

So going from L, to L,+1, we pick up an extra power of 5.
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Motivation

Ramanujan’s Conjectures
Modular Curves

We have

o L, € Z[t],

o Lor1 = U (L),

o U@ (5k.f) =s5k. Yl (f),
@ Also, L; = 5t.

For every o € Z>1,

U (ég‘) €5-Z[t].

So going from L, to L,41, we pick up an extra power of 5. [
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Motivation

Ramanujan’s Conjectures
Modular Curves

The same technique works for
p(7%n+A74) =0 (mod YL%JH),
It does not work for

p(11%n1 4+ M14) =0 (mod 11%).
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Modular Group Action

Fo(N) = { (i Z) € SL(2,7) : N\c}.

Let Hl := HU QU {co}. We define a group action
Mo(N) x A — H,
a b R ar + b
c d)'" ct+d’

Define the orbits [7|y := {y7 : v € [o(N)}.
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Modular Curves

For any N € Z>1, we define the classical modular curve of level N as
the set of all orbits of (/) applied to H:

Xo(N) := {[T]N T e 1@1}

Definition

For each N > 1 there exists some d > 1 and orbits [r]w,
0< k <d-—1, such that

d—1
QU {oo} = | |[rlw-
k=0

The orbits [rk]n are the cusps of Xo(N).
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Modular Functions

Let g := e®™7, 7 € H.

A holomorphic function f : HH — C is modular over 'o(N) if
e For any 71, € H such that 71 € [y, f(11) = f(72),

e For any v = (i Z) € SL(2,Z), we have

ar +b _ n-ged(c?,N)/N
T Ea—

n>n.

with ny € Z, a(ny) # 0.
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Modular Curves

For each partition congruence family, we can associate a compact
Riemann surface.

p(5*n+Xs54) =0 (mod 5%) — Xg(5),

p(7%n+Aa) =0 (mod 7L5]H1) — X4(7),
p(11%0+ A1) =0 (mod 11%) — Xo(11).

These are the classical modular curves of level 5, 7, 11 (resp.).
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Motivation

Ramanujan’s Conjectures
Modular Curves

The genus of a Riemann surface X, denoted g (X), is the number
of holes in the surface.

° g(Xo(1))=0

o g(Xo(5) =

° g(Xo(7)) =0,

e g(Xo(11)) =1,
(

Why is this important?
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Weierstrass Gap Theorem

Theorem

Let X be a compact Riemann surface, and let
f:X—-C

be holomorphic over X, except for a pole at a point p € X. Then
the order of f at p can assume any negative integer, with exactly
g (X) exceptions.
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Motivation
Ramanujan’s Conjectures

Modular Curves

Weierstrass Gap Theorem

Example: Let g = e?™'7, 7 € H.

1 1 1—-gm\°® 1
S=z 7 ) =Z4¢(0 1)q + ...
t g1 (1—615"’) q+c()+c( Jat

is holomorphic, except for ¢ = 0 (7 = ico). And t induces

f : X0(5) — C
2 [7]s — t(7).

g (Xo(5)) =0.
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Weierstrass Gap Theorem

Example:

m=1

oo 1—q 1_q5m 5
3H ]__q 1_q20m

m=1

1 o0 4m 4 1— qlom 2
t= q2 H 20m 1_q2m )’
L

p:

Q

are holomorphic over X(20), except for g = 0, with orders
—2,—3. There is no such function with order —1.

g (Xo(20)) =
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Ramanujan’s Conjectures
Modular Curves

Corollaries

Let M€ (I'o(N)) be the space of modular functions over o(N)
with a pole at only one cusp [c]n.

If g (Xo(N)) =0, then there exists a function t such that
M€ (To(N)) = C[t].

If g (Xo(N)) =1, then there exist functions t, p such that
ME (To(NV)) = C[t] @ pClt].
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Definition

Define c(n) with the generating function

S (o) = B0~ E()

o 2. 42
prd (9% ¢%)oc
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Congruences on c(n)

Theorem (Wang, Yang)
Let n >0, « > 1, and 126, = 1 (mod 5%). Then

c(5“n+9,) =0 (mod 5%),
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Comparison of Proofs
Main Theorem

The c(n) Sequence

Congruences on spt,,(n)

Theorem (Wang, Yang)
Let n >0, a« > 1, and 126, =1 (mod 5%). Then

spt, (2:5%n+04) =0 (mod 5%),

with w(q) defined as Ramanujan’s third order mock theta function.

o
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Proof in Terms of L,

Let
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Proof in Terms of L,

Let

Lo = (q2; qZ)oo Z c (52an + 52a) qn—i—l.

For example,
x
L= ("% ¢ Y c(5n+3)g
n=0
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Proof in Terms of L,

Let

For example,

L= (qlo; qlo)oO Z c (5n + 3) q”+1.

3
Il
o

The game is to show that L, =0 (mod 5%).



Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Technique by Wang and Yang

To begin with, examine Li. In Wang and Yang's form:
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Technique by Wang and Yang

To begin with, examine Li. In Wang and Yang's form:

Ly =F-(245-t+3750 -t + 15625 - t> — p- (125 - t + 3125 - 7)),
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Technique by Wang and Yang

To begin with, examine Li. In Wang and Yang's form:
Ly=F-(245-t 43750 t*+ 15625 - t> — p- (125 - t + 3125 - £7))

with t, p eta quotients with integer power expansions, and F a
modular form with constant term 1, over [o(10).
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Technique by Wang and Yang

To begin with, examine Li. In Wang and Yang's form:

Ly =F-(245-t+3750 -t + 15625 - t> — p- (125 - t + 3125 - 7)),

with t, p eta quotients with integer power expansions, and F a
modular form with constant term 1, over [o(10).

Lo
o F € Z[t] ® pZ[t].

This is characteristic of the Paule-Radu method for proving
congruences when the associated modular curve has genus 1.
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Technique by Wang and Yang

To begin with, examine Li. In Wang and Yang's form:

Ly =F-(245-t+3750 -t + 15625 - t> — p- (125 - t + 3125 - 7)),

with t, p eta quotients with integer power expansions, and F a
modular form with constant term 1, over [o(10).

Lo
o F € Z[t] ® pZ[t].

This is characteristic of the Paule-Radu method for proving
congruences when the associated modular curve has genus 1.
However, the genus of X(10) is 0.
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Our First Attempt

5m)

1T =*(1—gq
Letx.—,}__I1 (1= qm)5(1 = qiom)°

Then M°(T4(10)) = C[x].

L
For all a > 1,% € C[x,x1].
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

First Attempt

Ly=F-(245-t+3750- 2+ 15625 - £3 — p- (125- t + 3125 - £2)) .

In terms of x:
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

First Attempt

Ly=F-(245-t 43750t +15625- t> — p- (125 t + 3125 - 7)) .

In terms of x:

624 2487 801 422  3148x  19904x2
Ly =F-| — - + - — = +
625x3  625x2  625x 125 125 625

512x3 B 256x%
625 625 |
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Second Attempt

x=1 (mod5).

Let x =1+ 5y. Interestingly,

17 =M - gty
r=all g
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Problem

We have a problem:

Ly .
i Cly,y 1
But we do have

L
— € C[y,x_l]...
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Comparison of Expressions for L;

Ly =F- (245t 43750 t* + 15625 - t> — p- (125 t + 3125 - t7))

In our form:
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Comparison of Expressions for L;

Ly =F- (245t 43750 t* + 15625 - t> — p- (125 t + 3125 - t7))

In our form:

Ly 120y + 1805y2 + 12050y + 39500y + 50000y°) ,

_F
_(1+5y)3'(
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Comparison of Expressions for L;

Ly =F-(245-t+3750 - t* + 15625 - t> — p- (125 - t + 3125 - 7)),

In our form:

Ly 120y + 1805y2 + 12050y + 39500y + 50000y°) ,

_F
_(1+5y)3'(

Important! F,y, ﬁ have integer power series expansions.
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Comparison of Expressions for L;

Ly =F-(245-t+3750 - t* + 15625 - t> — p- (125 - t + 3125 - 7)),

In our form:

Ly 120y + 1805y2 + 12050y + 39500y + 50000y°) ,

_F
_(1+5y)3'(

Important! F,y, 1 5 have integer power series expansions.
Similar identities hold for Ly, L3, etc.
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Weak Result

We let o« > 1,

S :={(1+5y)":neZ>o},
Zly]s := the localization of Z[y] at S.

Then we have the following:

Theorem (Me!)

1

— L, EZ .
cap Lo €Zlls
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Introduction
Comparison of Proofs
Main Theorem

The c(n) Sequence

Strong Result

We let a > 1,
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Setup
General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

Ly = - (120y + 1805y + 12050y° + 39500y * + 50000y°) .

(1+5y)3

We will prove that

m

1 y
L, = s(m)-5Mm . L
mz>:1 (m) (1+5y)"

with n € Z>; fixed, s, p integer-valued functions, and s discrete.
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Setup
General Relation

Some Highlights to the Proof 5-adic | ities
Computational Considerations

U Operator

Us (Loa—1) = L2a,
Us (Z - Lon) = Loa+1,

for a certain eta quotient Z. We define

Ut () = % Us (F-ZY7-f).

Then

Lat1 _ ) (La
FoVFE)
for i = o (mod 2).
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Some Highlights to the Proof 5-adic Irregul
Computational Considerations

U Operator

We study
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Setup
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Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

General Relation

There exist discrete arrays hy, hg : 73 — 7 and functions
T - Z2>1 — Zi>0 such that

(i)

1
= h (m n r) . 57r1(m,r) o
5n—4 Z 1 , n, :
(1+ 5y) s
v (Y"’>
(L4 5y)n
1 T
= W Z ho(m,n,r) -5 o(m,r) oy

r=[(m+2)/5]
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Setup
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Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

General Relation

1<m<2andr=1
1<m<2andr=3

0
3
m(mry = A P52 1Sm<2andr#1s
, 2, m=3and r=2
L5r6_2ja m=23and r #2
|Sr=mtl | m > 4,
2], m=1
5r+1 N
7T0(m7r):: L565J1 m—2andr7é374,5
Lr6 J’ m=2and3<r<5
I

o
1
i
N
—

m > 3.

o)}
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Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

Proof Strategy

1
Zpi=8 s(m)-5%m . ym - s is discreet § |
(1+5y)”m2221( )
1
Vpi={ ——— s(m -5¢(’")-y’”:sisdiscreet
(1+5y)”m21( )
3 | 1<m<?2
H(m)::{tm6 ’ -
L565J_1’ =3,
m) = 51 =m=
Hom) {[5"’65J—1, m>4
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Setup
General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

Proof Strategy

1
Z, = W mZ;ls(m) . 50(m) -y s is discreet » ,

1
V), = ——— s(m)-5%(M . y™M . 5 is discreet
") (1 +5y)" m; (m) yoessd

1
h hat —L; € Z
Show t at5F 1 € Z3,
1
Show that for any f € Z,,, gU(l)(f) € Vsn—a,
1
Show that for any f € V,, EU(O)(f) € Zsn_o.
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

Even-to-Odd Index

Let f € V,. Then

1
vO(F) =v@ | —— s(m) - 59(m) . ym
(1+5y) ”%:1
— N s(m) - 54m) . y© (L)
mzz:l (m) (1+5y)n

1
e X 3 s kom0
4 m>1r>[(m+2)/5]

= ! Z Z s(m) : ho(ma n, r) : 5¢>(m)+7ro(m,r) : yr

(1 +5y)5—2 e
We want to show that
¢(m) + mo(m, r) > 6(r)+ 1 forall r > 1,
so that %U‘O)(f) € Zsna.
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

Odd-to-Even Index

Let f € Z,. Then

1
U =y [ —= s(m) - 50(m) . ,m
(=% | (g 2 o(m) 5"

- Z s(m) - 5% .y (ﬁ)

m>1
Z Z s(m) : hl(m7n7 I’) '50(m)+ﬂ'1(m’r) 'y,

m=1r>[m/5]

= L Zzs(m)hl(mv n, r),59(m)+7r1(m,r) _yr

5n—4
(1+5y) " r>1m>1

1
T (1+5y)5n4

We want to show that
O(m) +m(m,r) > ¢(r)+1forall r >1,

1
5o that gU(l)(f) € Von_a.
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Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

We are going to prove that

¢(m) 4+ mo(m,r) > 60(r)+1 for all r > 1,
O(m) + m1(m,r) > ¢(r)+ 1 forall r > 1.

Nicolas Allen Smoot Partition Congruences and the Localization Method



Setup
General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

We are going to prove that
¢(m) 4+ mo(m,r) > 60(r)+1 for all r > 1,
O(m) + m1(m,r) > ¢(r)+ 1 forall r > 1.

No we aren't.
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Setup
General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

We are going to prove that

O(r)+1forall r>1,
o(r)+1forall r > 1.

O(r) + 1 for all r > 1 is true.
¢(r) + 1, on the other hand...
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

Let f € Z,. Then
Uy =u®

=2 s(m)- - U8 («sp)

1+5y)5n Ao O O s(m)h(m,n,r). s/ mEmimn. 0

m>1r>[m/5]

O(m)+m1(m,r) |
—_— Z Z ~hi(m,n,r)-5
1 + 5_)/) r>1m>1
The coefficient of W is
5
Z s(m) : hl(m7 n, 1) : 59(’”)"’7"1("'71)_
m=1
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

1

y)5n,4 has the form

The coefficient of ((FEmER

S(m) : hl(m, n, ]_) . 59(m)+7T1(m,1)

I
]«

3
I
—

s(m) - hy(m,n,1) +s(4) - h1(4,n,1) -5+ s(5) - hy(5,n,1) - 52

I
w iMw

s(m) - hy(m,n,1) (mod 5).

3
N
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

For all m, n such that n € Z>; and 1 < m < 3 we have:

ho(1, n, 1) (mod 5),

ho(2,5n —4,1) =0 (mod 5),

(3 ,1)=1 (mod 5),

ho(1, n, 2) (mod 5),

ho(2,5n —4,2) =4 (mod 5),

ho(3, n, 2) (mod 5),

ho(2,5n —4,3) =1 (mod 5),

hl(m n,1)=1 (mod 5)
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

Our coefficient of W for U(l)(f) is

s(m) - hi(m,n,1) (mod 5)

Il
[M]w

3
Il
._.

w

s(m) (mod 5).

3
Il
N
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Setup
General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

Our coefficient of W for U(l)(f) is

s(m) - hi(m,n,1) (mod 5)

Il
[M]w

m=1
3
= s(m) (mod 5).
m=1
Examine Lq:
L4 __>F (24y + 361y? + 2410y> + 7900y* + 10000y°) .
(1+5y)3
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General Relation

Some Highlights to the Proof 5-adic Irregularities
Computational Considerations

5-adic Irregularity

3
1
Whi= —— s(m) - 5%m) . ym . s(m)=0mod5 ;
(Hsy)nn%jl (m) > s(m)
1
= —_— 5¢(m) m
Vo =\ a2 o™ Y

m>1

Here s again represents a discrete integer-valued function.
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Resolving 5-adic Irregularity

Suppose f € W,. Then
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Sketch

Let f € W,. Then

1
— . (y 5y o(w)yw.
52 (U oU (f)) (1 4 5y 25n 22 V;[ "D
5w—2 b5r
ZZ ) - hi(m,n,r)- ho(r,5n — 4, w)
r=1 m=1

« 59(m)+7r1(m,r)+7r0(r,W)—@(W)—
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Sketch

3

b5r
= "> " s(m)-h(m,n,r)- ho(r,5n — 4,1) - 5Xmrb),
r=1 m=1
8

5r
=Y > s(m)-h(m,n,r)-ho(r,5n— 4,2)- 5™,
r=1 m=1
13 5r

Z Z S ~hi(m,n,r) - ho(r,5n—4,3)- 5)\(m,r,3)’

r=1 m=1
A(m, ryw) :=0(m) + m1(m, r) + mo(r, w) — 2.

We want to show that t(1), t(2), t(3) € Z, and that
t(1) + t(2) + t(3) = 0 (mod 5).
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Sketch

2 3
t(1) + t(2) + t(3) z% D ho(1,5n—4,j) | - (Z s(m) - hy(m, n, 1))
2
+ 1 ho(1,5n - 4,))

-s(3) - h(3,n,3) (mod 5).

2
+ 1 ho(3,50 - 4,))

3 2
+ Zh0(2,5n—47j)) ~Zs m) - hi(m, n,2)
j=1 m=1
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Sketch

It's That Lemma Again

For all m, n such that n € Z>1 and 1 < m < 3 we have:

ho(1,n,1) =1 (mod 5),
ho(2,5n —4,1) =0 (mod 5),
ho(3,n,1) =1 (mod 5),
ho(1,n,2) =4 (mod 5),
ho(2,5n —4,2) =4 (mod 5),
ho(3,n,2) =4 (mod 5),
ho(2,5n —4,3) =1 (mod 5),
) (

mod 5).

Therefore, t(1) + t(2) + t(3) =0 (mod 5).
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ho(3,n,1) =1 (mod 5),
ho(1,n,2) =4 (mod 5),
ho(2,5n —4,2) =4 (mod 5),
ho(3,n,2) =4 (mod 5),
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) (
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Proof of our Strong Result

1
5F 1E€EWs

Suppose that for some o € Z>1, there exists some n € Z>1 such that

1
52a71F
Loa—1="5""1F - a1, for fra_1 € Wy. Now,

Lo = Us (Loa—1) = Us (5%*71F - fon_1) = 527 1F - UMD (Fg_1).

“Loq—1 € Wy Then

There exists some f5, € Vs,_4 such that U(l)(fza_l) =5 f5,. Therefore,

L

_ R«
Loo =5°*F - foq, and 520 F

“Loq € Vsp_a.
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Proof of our Strong Result

Proof (Il)

Loat1 = Us(Z - Laa) = Us (5%°F - Z - foo) = 5°*F - U (f).

There exists some fao+1 € Was,_2o such that
U () =5+ frat1. Therefore,

2041
Loat1 = 5T F - fny1, and - Log+1 € Wasp_2.

52a+1F
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Proof of our Strong Result

Proof (III)

Establishing that ¢(«) give the appropriate indices for V,, W, is
an elementary exercise in number theory. Prove that

¥(1) =3,
5¢(2a —1) — 4 = ¥(2a),
59(2a) — 2 = ¢Y(2a + 1).
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Computational Considerations

We have a degree 5 modular equation for y (and for 1 4 5y).
So for any pattern, we would expect 25 initial relations for each
value of i to prove by induction—50 relations, total.

Let x =14 5y. Then

e (7)) v e

(r> SUWD ((1+5y)").

1
7m

i
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Computational Considerations

If n >0, then

n

u®) ((1+5y)") = Z (Z) .5k gyl (yk> ‘

k=0

So all we really need are ten relations—five for each i—for
u() (yk). Then we can confirm the initial relations for any patern

on UG (%)
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(in contrast to the 20 that Wang and Yang needed)
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@ Wang and Yang's proof utilized techniques for handling
congruences with an associated Riemann surface of genus 1.

@ However, the congruences for this problem are associated with
a genus 0 Riemann surface.

@ Our new approach uses one modular function instead of two.
@ We require 50 initial cases.

@ However, these are algebraically dependent: we only need to
directly prove 10 initial cases...

@ (in contrast to the 20 that Wang and Yang needed)

@ Our proof reveals some interesting algebraic structure in the
form of the localized polynomial ring.

o Finally, there are some extremely difficult steps in showing that
going from L, to L,4+1 always picks up an extra power of 5.
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o Let £ :=(Ly)a>1 be a sequence of modular functions over
some [g(N), such that
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Localization Method

o Let £ :=(Ly)a>1 be a sequence of modular functions over
some [g(N), such that

° g (Xo(N))=0
o Let y be a chosen so that M3/ (To(N)) = C[y].
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Localization Method

o Let £ :=(Ly)a>1 be a sequence of modular functions over
some [g(N), such that

° g (Xo(N))=0

o Let y be a chosen so that M3/ (To(N)) = C[y].

There exists some p € C[X] and some nonnegative integer
sequence {1)(a)}a>1 such that p(y) € £2/¢ (Fo(N)) and

P - Lo € Cly].
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Localization Method

Vo(m y™
If Lo = > s(m) - ¢! )-Wez[y]s,

m>1

with S := {p(y)" : n € Z>o}, and
U (La) = Las1

for some linear operator sequence (U(O‘))a>1, then we want to
understand B

U@ (y'"> _
py)¥()
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genus 0 surface.

@ But we need more examples!

@ I'm looking through the literature now for any pathological
congruences that are resistant to classical techniques.
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@ This result has enormous potential!

@ This is an extension of the original technique by Ramanujan
and Watson.

@ The localization structure has never been studied before in
this subject.

@ The result relates arithmetic, algebra, analysis, topology,
computational methods, and experimental math.

@ There are theoretical reasons to believe that this modified
technique may be used to prove all congruence families over a
genus 0 surface.

@ But we need more examples!

@ I'm looking through the literature now for any pathological
congruences that are resistant to classical techniques.

@ I'm working on a research proposal to study this method
further (Hint, Hint).
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